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Projective Differential Geometry of One-Parameter Families 
of Space Curves, and Conjugate Nets on a Curved Surface, 

Second Memoir.* 
By Gabbiel M. Gbeen. 



§ 1. Introduction and Fundamental Equations. 

In a preceding paper,t we have laid the foundations for a purely projective 
theory of conjugate nets on a surface and for the related theories of a one- 
parameter family of space curves and the congruence of tangents thereto. 
In fact, conjugate nets seemed to appear only incidentally, as a convenient 
avenue of approach to the apparently more general theory of the congruence 
of tangents to a one-parameter family of space curves. To make this point 
clearer; the equations 

*<*>=/<»(«,*), {£=1,2,3,4) (1) 

represent for v= const, a one-parameter family of curves C„, if the four y's 
be interpreted as homogeneous coordinates of a point in space. It is assumed 
that the surface denned by equations (1) is not developable, and also that the 
two one-parameter families of curves G v (v = const.) and C v (u=: const.) are not 
asymptotics on this surface. Under these conditions the four functions y (fc) 
form a fundamental system of solutions of the completely integrable system 
of partial differential equations 

Vuu= ay vv+T>y u +cy v +dy, 1 

Vuv =a'y vi> +&'*/„+ c'y v + d'y, J 
where a' 2 — a=fcQ and a=fcO. $ If a'=#=0, the parameter net on the integral 
surface is not conjugate. Suppose a' =1=0; then, in this, the general case, the 
family of curves conjugate to the family C u is determined by making the trans- 
formation u=U(u,v), where U(u,v) satisfies the partial differential equation 
of the first order, § 

a'U n —aU v -0. (3) 

* The first three sections were presented to the American Mathematical Society February 28, 1914, 
and the last four October 30, 1915. 

t G. M. Green, " Projective Differential Geometry of One-parameter Families of Space Curves, and 
Conjugate Nets on a Curved Surface," American Journal of Mathematics, Vol. XXXVII (1915), pp. 
215-246. This will be cited as " preceding paper." 

X Preceding paper, § 1. 

§ Preceding paper, p. 221. 
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The new family of curves u= const, will then be conjugate to the given family 
v=const., which is undisturbed by the transformation. In fact, the new net 
is denned by a fundamental system of solutions of a completely integrable 
system of partial differential equations of the form* 

y*» = a Uw + %« + Wv + dy, 



(4) 

We have shown, in the memoir cited, that there is no loss of generality 
whatever in studying a one-parameter family of curves, denned by solutions 
of the differential equations (2), through the conjugate parameter net defined 
by system (4), in spite of the fact that the passage from equations (2) to 
equations (4) requires the integration — in general impossible — of the partial 
differential equation (3). The second of equations (4) is perfectly symmetric 
in the parameters u and v, but the first is not, and can not easily be made so 
without sacrifice of simplicity. It appears, then, as we have already said, 
that the differential equations (4) are more suited — if only on aesthetic 
grounds — for the study of the congruence of tangents to a one-parameter 
family of curves, than for that of the conjugate net determined thereby. 

It was with these considerations in mind that in the preceding paper we 
treated the two component families of the conjugate net in an unsymmetric 
way. In particular, we chose a fundamental system of co.variant poin,ts as 
follows. Three of them were a point on the surface and its corresponding first 
and minus first Laplace transforms ; the fourth was the second Laplace trans- 
form. We shall in the present paper provide a substitute for this fourth point 
which will serve equally well in a theory of a one-parameter family of curves 
and in the theory of a conjugate net. 

The introduction of this new covariant point in § 2 follows from a con- 
sideration of an important congruence of lines, which, with other congruences 
associated with the conjugate net, is studied in some detail in the course of the 
paper. A canonical development in non-homogeneous coordinates of the sur- 
face referred to the conjugate net is given, and leads to the consideration of a 
certain unodal cubic surface. Many questions of interest in the general theory 
of congruences are discussed in the latter half of the memoir. A conjugate net 
which is uniquely determined by the given one is introduced ; we have ventured 
to call it the associate conjugate net, and lay the foundations for a systematic 
study thereof in its relation to the given conjugate net. In the last section is 
given a short treatment of isothermally conjugate nets, in the course of which 
a purely geometric characterization of these nets is obtained. 

* Preceding paper, equations (16). 
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(5) 



The completely integrable system (4), upon which we base our theory, 
has its coefficients restricted by certain integrability conditions. By differen- 
tiation, we may obtain from equations (4) the expressions * 

y«*=a (1) y w +/8 (1) y.+y (1) y.+8 (1) y, ] 
y um =^y vv +^y u +y^y v +^y, 
y am ^ a) y vv +P™yu+r i3) y v +S w y, 
y vvv =oLVy„„+pvy u +r w y v +^y, J 

where f 

a m=a{b+c')+a u , pw = b u +ab' v +d+b*+b'(c+ab'), 

y<n=c m +ad', + ad' +bc+c'(c+ab'), 

%w=d„+ad' v +bd +d'(c+ab'), 
a&=ab', t3W = b'(b+c')+b' u +d', y^ = b'c+c' 2 +c' u , 

SV=b'd+Cd'+d' tt , 
a w=C, /3< 8 > = 6' 2 +6;, y&=b'c'+c' v +d', Z<v=b'd'+d' v , 



a<*> = i(a&'-c-a,), /3 (4 ) = i (6v + 6 ;_ 6w+ ^ )> 



a 



a 



(6) 



y m = -[b'c + & (c'-b) +c' u -c v -d] , 

it 

$<»=l[b'd+d'(c'—b)+d' u —d' v ]. 
a 

It is tacitly assumed, of course, that o^=0. The conditions of complete inte- 
grability are t 

y < 3 > + a< 8 >=a/3W+a< 4 >, 
(a«-6)/S<*) + 6'/S<«)+/3?> = a< 4 >|8 0, > + 6y 4 >+/8<« + 8 ( ' ) , 

c'/? (8 > + yf + 8 (3) = a< V 8) + c <4) + Yn\ 

a (S)S(4) + ^(3 )+ gfl) = a (4)g(S) + rf/3 (4) + ^ y (4) + gU) > J 

the first of which, in virtue of equations (6), being equivalent to the equation 

or to 

2o&'— c— a„ 



(7) 



Id+^^a^zezA), 



2 j„=& + 2c', p v =- 



(8a) 
(8b) 



§ 2. The Axis Congruence. 
In the preceding paper, we discussed at some length the Laplace transforms 
of a conjugate net defined by a fundamental system of solutions of equations 

* Preceding paper, §3, equations (20). t Preceding paper, equations (21). 

% Preceding paper, equations (23) . 
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(4). We found for the minus first and first Laplace transforms the respective 
expressions 

9=y»—c'y, a=y v —b'y. (9) 

These two points lie with y in the tangent plane to the surface 8 y . We wish 
to obtain a fourth covariant point off this tangent plane, thus determining a 
covariant tetrahedron of reference. This we did in the preceding paper by 
choosing the second Laplace transform,* 

a 1 =a v -(b'+^y=y v -(2b'+^y v +b'(b'+^-^jy. 

We propose to substitute for this point another, in the definition of which the 
two families C u and C v , which make up the conjugate net, enter symmetrically. 
Instead of taking the line ya x as an edge of the tetrahedron, let us choose the 
line yz determined by the intersection of the two planes which osculate at the 
point y the two curves of the net passing through y. 

It will simplify our subsequent calculations if we write the first of equa- 
tions (4) in the form 

yw,=<*-y m +Pyu+yyv+h, (i0) 

where 

a=i, $=--, y = --, 8=--- (11) 

a r a' ' a a 

This is always possible, since 0^=0. 

We may write equation (10), or, what is the same thing, the first of 
equations (4), in the form 

y m ~yy* = <*«/..« + /%/« + h- 

The left-hand member represents a point in the osculating plane to the curve 
C v , and the right-hand member a point in the osculating plane to the curve C u . 
Consequently, the point 

z-yw—yyv=«ym+Py«+h (!2) 

lies on the line of intersection of the two osculating planes. 

We may therefore associate with each point y of the surface 8 y a point js, 
so that through each point of the surface will pass a definite line yz. With the 
totality of points y of the surface will be associated qo 2 lines yz, constituting 
a congruence which Wilczynski has called the axis congruence.^ The point z 

* Preceding paper, equations (51). 

f E. J. Wilczynski, " The General Theory of Congruences," Transactions of the American Mathe- 
matical Society, Vol. XVI (1915), pp. 311-327. The present writer made independent use of the axis 
congruence, in obtaining the canonical development given below, § 3, without a knowledge of Wilczynski's 
work. This development was, in fact, announced at the February, 1914, meeting of the American Mathe- 
matical Society. 



(13) 
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is not, however, a covariant point, and therefore can not serve as a fourth 
vertex for our tetrahedron of reference. This fourth vertex we may determine 
as follows: The lines of the axis congruence are tangent (in general) to two 
surfaces, or focal sheets, so that on each line of the congruence are fixed two 
points of tangency, or focal points. Either of the focal points might serve as 
a covariant point ; hut a unique point may be determined by choosing instead 
the harmonic conjugate of y with respect to the focal points. 

In finding the coordinates of the focal points, we make use of a result 
given in § 8 of the preceding paper. Let a congruence consist of the lines 
joining corresponding points of two surfaces S v and S z defined by the equations 

y<*> =/<»>(«, v), z^=g^(u,v), (& = 1,2,3,4). 

The functions y and z will satisfy a completely integrable system of partial 
differential equations of the form 

y v =a,Vy+bVz+cVy u +d^z v , 

2/«„=a (1 V+|8«^+y (1 V«+S (1) e„, 
z vv =*Vy+pWz+yWy u +Wz v , J 

where the coefficients in the last two equations have nothing to do with the 
quantities (6). 

The focal sheets will be given by the formulas* 

z x =z— % x y, z 2 =z—h 2 y, (14) 

where \ and \ are the roots (which may or may not be distinct) of the quadratic 

d( 1 H z +(c^d< Z) —d^c^~l)t + c^=0. (15) 

We need for our purposes only the first two of equations (11), the coeffi- 
cients of which we now proceed to find. We have 

z=y m —Yy v , ( 12 ) 

*» Vvm /ifuv fuVv 

= * iS) y vv + (P (8) -b'y)y u + (r^-c'y-y tt )y v + (^-d' r )y, 

^v Vwv / Vvv iv Vv 

= (* w -y)y„+P w y.+ (y (4) -y.)y.-h$ (4 >y, 

in which use has been made of the last two of equations (5). Eeplacing y vv in 
the second of equations (16) by its value z+yy v , and then solving for y v , the 
first of equations (13) is obtained. The second of equations (13) may then 

* Formulas (14) are obviously equivalent to equations (72) of the preceding paper, since all coordi- 
nates are homogeneous. 



(16) 
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be obtained from the first of equations (16). Eecalling that by (6) a (s, =c', 
we find without difficulty for four of the coefficients in (13) : 

C U> = _0C*>/(y(O_y, + y a <*>-y»), <*<» =1/ (y<*>_y, + ya<*>-y*) , 

C (l) = £<»>_&'y _|_ c d) (yW_ yj > rffl) =j J<D (y<»)_ yj . 

But by (6), 

' a 
so that 

y (4) -n+ya (4) -y 2 =r w +&'y+«c , 

and the quadratic (15) becomes 

^_( / gw + y(«) + ac j< + ( / gm_6'y)(y<«) + 6'y +ac ,)-- / 8<«)(ym_y.)=o. (17) 

The discriminant of this quadratic is seen without difficulty to be 

A= (/3< 3 >-y< 4 >-2&'y-ac„) 2 +4/3< 4 > (y< 8 >-y u ) ; (18) 

a somewhat lengthy calculation, in which use is made of equations (6), shows 
that 

i 3<3)_ y (.4)_ 2 &'y_ a c 1) =i(d+a&' !! — c ' 2 +ab' v — c' u +b'c+bc') = -, (19) 

a a 

where 2) is one of the fundamental invariants of the first memoir.* The dis- 
criminant of the quadratic (17) is, therefore, 

A= ®!±i^^Z^, (20) 



a 2 



and the two roots are 



_ /30+y<«) + g C VA 



The two focal sheets of the axis congruence are therefore given by the formulas 

«i==«— \y, z z =z—\y. (14) 

The expressions just found for the focal points are of course covariants, 
and either might serve to fix a fourth vertex for our tetrahedron of reference. 
A more symmetrical choice, and one which leads to a simpler analytic expression, 
is made by taking as the fourth vertex the harmonic conjugate of y with respect 
to the two focal points z x and s 2 • This gives the point 

r = s _h+h y= =y w - r y v ^l { p» +r to + Mm )y. (21) 

If the invariant A given by (20) vanishes, the two focal sheets of the axis 
congruence coincide with each other and with t ; this can happen only when the 

* In the calculation, use is made of equations (24), (28) and (38) of that paper. 
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lines of the axis congruence are the tangents to a family of asymptotics on a 
focal sheet. 

We shall investigate further the properties of the axis congruence, in its 
relation to the conjugate net and to associated congruences. First, however, 
we shall obtain a canonical development for a surface referred to a conjugate 
net, by making use of the fundamental tetrahedron of reference. 

§ 3. Canonical Development of the Non-homogeneous Coordinates 
in the Neighborhood of a Point.* 

Since the system of differential equations (4) is completely integrable, 
the derivatives of y to any order are expressible linearly in terms of the 
fundamental derivatives y w , y u , y v , y. Let us write 

i^J; = a<»'»>y„+&<-'«>jk+c<»'»>-y,+d<«'»>y. (22) 

Then we have, in particular, for the coefficients of the first order 

a< 10 > = 0, &< 10 > = 1, c< 10 >=0, d< 10 >=0, 
fl«"»=0, &< 01 >=0, c< 01 >=1, d< 01 >=0, 

for the coefficients of the second order 

a^=a, &( 20 >=6, c W=c, d*°>=d, 

d«=0, &<*>=&', <&*>=&, dw=d', 

aP*>=l, 6< 02 )=0, c< 02 )=0, d< 02 >=0, 

for the coefficients of the third order the expressions (6), and so on. 

Let y be any fixed regular point (on the surface), which we may, without 
loss of generality, suppose to correspond to the parameter values u=0, v=0. 
Then, for any point J in a sufficiently small neighborhood about the point y, 
we have the Taylor expansion 

Y=y+y u u+y v v + -^(y m w i +2y m uv+y m v 2 ) + 

Substituting for the various derivatives of y their expressions in terms of 
y m , y u ,y v ,y as given by (22) , and rearranging the series, we find the expansion 

Y=Ay vv +By a +Cy v +Dy, (23) 

where 

A=iau i +iv 2 +ia^u 3 +ia^w i v+ia^uv 2 +ia^v 3 

+ ^a^u i +ia^u s v+ia(^u^v 2 +ia^uv 8 +^a^v i + ...., 
B^u+ibu 2 +b , uv+ib< 30 >u 3 +ib^u 2 v+ib<^uv 2 +W <x>) v 8 +.'. ..,[ (24) 

C=v+icu 2 +c'uv+ic^u s +ic^u 2 v +ic^uv 2 +ic< 0i V + 

D=l+idu*+d'uv+ , 

where terms omitted are in each case of higher order than those written down. 

* The subsequent sections of the paper are independent of the present one. 

37 
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Let lis choose as three vertices of a new tetrahedron of reference the 
point y and its minus first and first Laplace transform, 

9=y»—c'y, a=y v —b'y. 
A. fourth vertex must be linearly dependent on the points y m , y„, y v , y, since 
these last four are not coplanar. We may therefore take for the fourth vertex 
any point not in the plane of y, y n , y v , given by an expression of the form 

*=yvv—^y«—i*y»—' i 'y- (25) 

We shall seek an expansion having a certain characteristic form, and shall find 
that the only point t which yields this expansion is the covariant point * 
found in § 2. 

Taking t for the present as defined by (25), we may write the expansion 
(23) in the form 

r=r 1 T+r,p+r,(r+r 4 y, (26) 

where 

Y 1= A, Y t =B+A*., T S =G+A(i, \ 
7 t =D+A{v+c'%+b , p)+&B+b'C. J [ ' 

The coordinates of the point Y referred to the old tetrahedron of reference 
are of course 

Y^ = Y 1 r^ + Y 2 ^ + Y 3 a^+Y i y^\ (k=l, 2, 3', 4). 

Taking now as a new tetrahedron of reference the points t, p, a, y, we see 
from this last expression that referred to this new tetrahedron the point r 
has the coordinates Y t , Y 2 , Y 8 , Y if given by equations (27), if the unit-point 
be properly chosen. We have, therefore, for the coordinates of the point Y 
referred to the tetrahedron t, p, a, y the expressions 

Y X =A, 

r 2 = w +i(6+aX)M 2 +&''wv+i^ 2 +i(6( 80 >+a( 80 )^)M 3 +i(fe w +a( 21 )X)w 2 v 

+i(6W+a( 12 >X)^ 2 +4(fc( 03 )+a< 03 )a)v 3 + . . . ., 
r 8 =-y+4(c+ant)w 2 +c'^+i^ 2 +i(c( 80 >+a< 8 »M 3 +i(c( 21 )+a< 21 V)w 2 v \ (28) 

+|(c< 12 )+o (12 V)^ 2 +i(c (03) +a< 03 V)t; 3 + 

Y i =l+c'u+b'v+%[d+a{v+c'l+b'p)+bc' + b'c]u 2 +(d' + 2b'c')uv 

+i(v+c'X+b'fi)v 2 +...., 

in which the terms omitted are of higher order in each case than the ones last 
written. 

We now introduce non-homogeneous coordinates by putting 

l=YJY„ n=YJY„ f=r,/r 4 . (29) 

We shall obtain for £, v\, £ power series in u and v, and then by eliminating 



(30) 
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from these three series the variables u and v shall express £ as a power series 
in £ and yj. We shall ultimately obtain this series up to and including terms 
of the fourth order ; it will, however, simplify our subsequent calculations if 
we first determine the series up to the third order terms inclusive. We find 
from the last of equations (28) 

t=t = 1 — c'u — b'v-\- . . . ., 

so that 

£=Y 2 /Y i =u+i(b—2c'+a%)u*+i%v 2 + . . . ., 
y l = Y 3 /r i =v+%(c+an)u 2 +1 £ (ti-2b')v*+ . . . ., 
^=Y 1 /Y i =U^+iv z +i(a<-^— 3ac')tt s -t-i(a< 21 >— ab')u*v 
+i(aW—c')uv*+i(a<-°V—3b')v 3 + 

From the first two of these we find, correct to terms of the third order 

inclusive, 

P =u 2 +{b—2c'+a'h)u s +huv i + , f=<w 8 + , 

y? = v 2+( c +a(i)u*v+(ii—2b , )v s + , vi 8 =v 3 + , 

^ 2 n=u 2 v+. . . ., Zyi 2 =uv 2 + 

It is possible, therefore, to express in terms of £ and y those powers of u and v 
which occur in the expansion for £ given by the last of equations (30). We ob- 
tain, therefore, the expansion, valid to the terms of the third order, 

£=4of+^ 2 +^(a (80) +3ac'— 3a&— 3a 2 X)f+l(a( 21 >— a&'— c— a^)fn 

+ i(a (12 >— c'~ a^)£>7 2 +i(a (08 )+36'— 3[i)ri s + 

Remembering that the quantities a (30) , a (21) , a (12) , a (08) are the quantities a (1) , a (2) , 
a (8) , a (4) given by equations (6), we may reduce the above expansion to 

Z=iae+iyi*+i(4:ac'-2ab + a u -3a^)e-i(c+an)eri 

-ia^^i-i(W+y-aa v -3ii)vi 3 -h 

In the expression for * given by (25), we have at our disposal the three 
arbitrary quantities \ /.t, v. These we shall make determinate by causing cer- 
tain terms in the expansion for £ to vanish. The most symmetric way of doing 
this is to suppose the coefficients of £ 2 }?, £>? 2 , and £V to vanish. Our expansion 
to terms of the third order shows that in this case we have 

c-\-afj.=0, a^=0. 

But we have supposed that a^=0, so that we choose 

*=0, li =-±=y. 

Cv 

This choice gives us for (25) 

*=y m —yyv—vy, (31) 
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which is a point on the axis of the point y, that is, on the line of the axis con- 
gruence which passes through the point y. 

The coefficients of £ 8 and vf become invariants ; in fact, it is easy to verify 

that these are 

4ac'— 2ab+a u =Sa%', 

4&'— 2y — aa v =8%', 

where 23' and (£' are fundamental invariants of the first memoir, which may be 
shown to have the above expressions if use be made of equations (24), (29), 
and (38) of that paper. Consequently, the expansion for £, correct to terms 
of the third order, is 

"We may now find the terms of the fourth order in this expansion. 
Putting ^,=0, fi=y in (28), we find 

T 1 =A, Y 2 = B, 

Y s =v+c'uv+iyv 2 +i(c<-^ + ya m )u 3 +i(c^+ya^)u 2 v 

+l( c w+ya <u >)iw , +i(e< c,) +ya< c, >)« , + . . . ., 
Y i =l+c'u+b'v+t(d+bc , +av)u 2 +(d'+2b'c')uv+i(v+b'y)v 2 + 

where A and B are given by (24). We find without difficulty that to terms of 
the third order 

£= u +$(b— 2c')w 2 +£(& (S0 >— 6bc'+6c'°— 3d— '6av)u 3 

_|_|(&(2i)_2d'_ 2b'c'— bb')u 2 v+i(bW— b'y— v)uv 2 +%b^v 3 + , 

y l =v+i(y—2b')v i +i(c^+ya^)u 3 +i(c^+ya^—d—bc'—av)u i v 
+i(cW+yaW—c'y—2d'—2b'c')uv 2 

+*(c (08 >+ya (03 >— 6b'y+6b'°— 3v)v 3 + 

If, now, we calculated the expression 

S-ia£ 2 -W-U®V-Wyi 8 , (32) 

we should find that it begins with terms of the fourth order in u and v. We 
need, therefore, calculate only the terms of the fourth order in the expansions 
for £, £ 2 , rf, £ s , and rf in terms of u and v. We shall, however, need the ex- 
plicit expressions for the terms in wV alone. Only the expansions for £, £ 2 , 
and vf yield such terms ; they are easily found to be : 

from f : (&< 12 >— b'y— v)u 2 v 2 , 

from vi 2 : {c ( ~ 2l) +ya^—d—bc'—av)u 2 v 2 , 

from £ : [£a< 22 >— lc'a< 12 >— |6'a (21) 

— i(d+bc'— 2c' 2 — b'c— 2ab' 2 +2av)]u 2 v\ 

Multiplying the first of these three by —a/2, the second by —1/2, and adding 
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to the last, we obtain the term in u 2 v 2 which occurs in the expansion of the 
quantity (32). The coefficient of this term is, therefore, 

la( 22 >— ic'a< 12) — i&'a< 21 >— i(d+bc'— 2c"— b'c— 2ab"+2av) 

—%a(bW—b'y—v)—i(cW+ya<- 21 >—d—bc'—av). (33) 

From (6) we find that 

a^ = c', a^ = ab', c < 21) =&'c+c ,2 +<, 

since a (12 > = a (8 >, a< 2I > = a< 2 >, c (21) =y (2) . Let us write for M 12 > its equivalent 0< 8 >, 
without substituting its value from (6). Also, since 

we have by differentiating with respect to u 

Vuuvv — * tfwv i *» ifw > P Vim i • • • • f 

which, with the aid of (4) and (5), becomes 

yuu W =a^y m +b^y tt +c^y v +d^y, 
where, in particular (since a (3) =c'), 

a< 22 >=c;+c' a +a/?< 3 >. 
We may now easily reduce the expression (33) to 

i (d— c' u —c"+ be'— b'c— a0 (3 > + 2av) , 
which by (6) may be written 

i(2av— ay<*>— a0< 3 >— c„). 

Consequently, in the expansion of the expression (32), the coefficient of mV 
may be made to vanish if one chooses 

v=4(/ 3(3)_|_ y (4) + ac j. (34) 

Consequently, the fourth vertex of the tetrahedron of reference, which was 
given by (25) and then reduced to (31), becomes 

*=y v -yy-\ (P (S) +r (4) + ac„) y , 

which is the covariant (21) found in § 2. 

If we note that to terms of the fourth order u 4 —^, u s v=% 3 yi, uv 3 =^y; 3 
v i =rf, we find that the expansion for £ is of the form 

+<?< 40 >f +C^en+* +<7< 13 >^ 3 +C<°V+ . . . ., (35) 

in which all of the coefficients are relative invariants of the conjugate net. 
That these coefficients are indeed invariants follows immediately from the fact 
that the tetrahedron of reference has covariant points as vertices. 
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The plane £=0 cuts the surface in a curve which has a node at the point 
£=J7=£=0. The tangents to the curve at this node are evidently given by the 
equation 

ae+v?=0, (36) 

or by the equations 

yi± V— a%=0. 

These latter are of course the equations of the tangents to the asymptotic curves 
which pass through the point on the surface. 

We may obtain from (35) a development in which all of the coefficients 
are absolute invariants. To do this we must remove the one arbitrary feature 
which still remains in our coordinate system, viz., the unit-point of the system. 
If we put 

£=Aa;, n=tiy, Z=vz, 

the development (35) becomes 



.^Unm^.. LJ . , V 



,4 



+ ^C^a?y+.* + =£- C^xy 3 + £- <7<°V+ 



Let us choose \ n and v so that 

8a&% s =v, 8%'n 3 = v, v = Vah(i, 
then 

8VaW=li, 893> 2 =Va\ 
and 

~ 1 1 _ Va ,„„,. 

~8VaW& 2 ' (t ~8V«. i %' 2 &' V ~6m'&' l ' 

where, as usual, we have written a=l/a. The development now takes the 
final form 

s=i(Z< 20 >a; 2 +Z (0 V) +i(«?+y s ) 

+ im x *+im) a x y+ • +/< 13 >V+ J (0 V+ • • • • , (38) 

where all the coefficients are absolute projective invariants, and, in particular, 



That the said coefficients are indeed absolute invariants may be verified 
as follows: As we have already pointed out, they are certainly invariants, 
since the tetrahedron of reference is covariant. Now, referring to § 5 of the 
preceding memoir, we see that if we carry out a transformation of the indepen- 
dent variables, 
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u=$(u), v=4>(u), (39) 

on the system of differential equations (4), any invariant @ (/ '*> of system (4) 
will be transformed into essentially the same function of the coefficients of the 
new system of differential equations, and that the transformed function is re- 
lated to the old by an equation of the form 

We say that the invariant © (/ ' fc) is of weight (j, k). Now, any coefficient C (j ' k) 

of the expansion (35) is of weight (j, k— 2), i. e., under the transformation 
(39) it becomes 

C<*'*> = mt* &*>*>. (40) 

Moreover, the quantities (37) undergo the transformations 

*=$„*, Ji=+,ii, v=4? v v. (41) 

Consequently, any coefficient 

JO, k) — ^ t 1 (j0, *) 
V 

of the expansion (38) is an absolute invariant, since in virtue of (40) and (41) 
the invariant 2 ( /' &) is of weight (0,0), i.e., undergoes the transformation 

It remains for us to describe geometrically the choice of the unit-point of 
our coordinate system which we have just made. Before doing so, however, 
we shall write out the transformation of coordinates from the tetrahedron 
y*v, Vui Vvi V to tiie tetrahedron which gives rise to the development (38). 
A point defined by an expression of the form 

yiy vv +yiy«+yayv+yty 

has «/x , y % , y 3 , y± as its coordinates referred to the tetrahedron y vv , y u ,y v , y. 
From (27), on putting 2=0, (i=y, we find for the coordinates of the same 
point referred to the tetrahedron <r, p, a, y the expressions 

Fi=2/i, ^2=2/2, Y s =ys+yyi, Y i =y i +(v-\-b'y)y 1 +c'y 2 -\-b'y 3 , 
where 

Remembering that the coordinates x, y, z of the development (38) are related 
to these by the equations 

%%=Y 2 /Y i , ity=T,/T l , Va^e=r i /T 4 , 

we obtain the transformation from the coordinates y ly y 2 , y z , «/ 4 referred to 
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the tetrahedron y vv , y u , y v , y, to the coordinates x, y, s of the development (38) : 



* x= Ml „ M= Vs+YVi 

(v + b'y)y 1 +c'y 2 +b'y s +y i ' ™ (v + b'y)y 1 +c'y t +b'y t +y t ' 



VaX(is = 



Vi 



(42) 



(v + b'y)y 1 +c'y z +b'y 3 +y i ' 
where 

8Va*S'©' 2 ' ** 8Va J a3' 2 ©' ' " 2 

Let x x , x it % , a^ be a set of homogeneous coordinates corresponding to 
the non-homogeneous coordinates x, y, z. Then we may write 

\ , alfix 1 =y 1 , %x 2 =y 2 , (ix s —y s +yy 1 , x i =(v + b'y)y 1 + c'y 2 +b'y s +y i . (43) 

We shall need a covariant point, different from the point t, which does 
not lie in the tangent plane to the surface. The line joining the first and 
second Laplace transforms of a point y of the surface is determined by the 
two points 

<*=yv—b'y, <s v =y m —b'y—b' v y, 

and therefore lies in the osculating plane to the curve C v at y. The point 

<%+ (b'-y)a=y vv -yy v + (b'y-b'*-b' v )y=y vv -yy v + (b'y-^)y 

evidently lies on the line ye. Referred to the tetrahedron y m , y n , y v , y it has 
coordinates (1, 0, — y, b'y, — /3 (3) ) ; using (43), we find that, referred to the 
fundamental tetrahedron of reference, the point in which the line joining the 
first and second Laplace transforms of a point y meets the corresponding axis 
yv has coordinates proportional to 

x 1 = ^^, x,=0, x s =0, Xi=i (yW-pv + aCv +2b' 7 >)=-^ (44) 
Va ia 

The final expression for x 4 follows from equation (19). 
Let us now consider the cubic surface 

s=i(I (20 ^ 2 + / (0 V) +*0» 3 +2/ 3 ), (45) 

or, in homogeneous coordinates (with reference to the covariant tetrahedron), 

F = 6x x xl—3 I<*><4 x 4 — 3 J (02 >a| x 4 — x\— x\ = 0. 

Denoting by F Xl the partial derivative dF/dx x , etc., we find 

F Xl =6xl, F Xs =-GI^x i x i -3x\, F x =-61^x^-3x1, 

F x =12x 1 x i — 31^x1— 3I«*>(4. (46) 

All of these vanish simultaneously if and only if x 2 =x s =x 4 =0, i. e., the vertex 
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(1,0,0,0) is the only singular point of the surface. The only one of the second 
derivatives which does not vanish at this point is F XiXi , so that the cone of 
the second order which is tangent to the cubic surface at the singular point 
degenerates into the two coincident planes xj = 0. The surface is, therefore, 
a unodal cubic, the vertex t (1, 0, 0, 0) of the tetrahedron of reference is its 
unode, and the face o? 4 =0 of the tetrahedron is its uniplane. 

It is not difficult to see that any unodal cubic surface having as its unode 
the point (1,0,0,0) and as its uniplane the plane # 4 =0 must have an equation 

of the form 

F^x x x\-\-^{x^, x s , # 4 ) = 0, 

where $ is a homogeneous polynomial of the third degree in x 2 , x 3 , x± . In 
non-homogeneous coordinates this equation may by written 

z+<p(x,y, 1).=0. (47) 

The arbitrary function <jft may be determined uniquely by subjecting the cubic 
surface to a further condition. In fact, let us suppose that the unodal cubic 
has contact of the third order with our original surface, which is given by the 
canonical development, 

s=i(Z< 20 >a 2 +/< 0! V) +l{a?+y*) + 

Then the value of z obtained from (47) must agree with this expansion to 
terms of the third order inclusive. Consequently, 

<p(x, y, l)^!(/(^ + /<°Vm(a 3 +;?/ 3 )> 
which makes (47) coincide with (45). We have then the result: 
The cubic surface 

z=i(IWx*+I^y*) +*(« s +2/ 3 ), (45) 

is completely characterized by the following properties : (1) It has a unode at 
the vertex t of the covariant tetrahedron, (2) its uniplane is the face of this 
tetrahedron opposite the point y, and (3) it has contact of the third order with 
the surface S y at the point y* 

The tangent plane to the surface S y at y cuts the unodal cubic in the 
cubic curve 

♦The unodal cubic just characterized closely resembles the canonical cubic introduced by Wilozynski 
in his study of surfaces referred to their asymptotic curves. Cf. his "Projective Differential Geometry of 
Curved Surfaces," second memoir, Transactions of the American Mathematical Society, Vol. IX (1908), 
pp. 104 et seq. A unodal cubic may, of course, always be uniquely determined as follows, in relation to a 
point y of a curved surface. In the tangent plane to the surface at y fix a line I not passing through y, 
and off the tangent plane fix a point P. Then just one unodal cubic may be determined having contact of 
the third order with the surface at y, and having P as its unode and the plane passing through P and I as 
its uniplane. 

38 
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2=0, 3I^x 2 +3I m y 2 + 2a? + 2y s =0, (48a) 

or in homogeneous coordinates 

^=0, 37 (20 >a|^+3Z (02) *la; 4 +2a;H-2a4=0. (48b) 

The line #i=0, # 4 =0, i. e., the edge per of the covariant tetrahedron, cuts this 
cubic in the three points given by the equation of +#1=0 in conjunction with 
3^=0, # 4 =0, i. e., the three points 

(0,-1,1,0), (0,- e ,l,0), (0, - E 2 ,l,0), (49) 

where e is an imaginary cube root of unity. Consider the, point (0, — 1, 1, 0)_ 
The tangent plane to the unodal cubic surface at this point has the equation 

«,+**+ (I<*»+Z<w>)a; 4 =0, (50) 

and the tangent to the cubic curve (48) at the same point is obtained by ad- 
joining to equation (50) the equation x x =0. Unfortunately, the plane (50) 
passes through the point t (1, 0, 0, 0). The point given by equations (44) 
does not lie in the tangent plane to the surface at y; the plane passing through 
it and through the tangent to the cubic curve (48) at the point (0, — 1, 1, 0) 
has the equation 

(j(20) +Z (02)) (® %+ i28 Va33'©'a; 4 ) +128 Va$%'{x 2 +x s ) =0. (51) 

The unit point of the coordinate system which gives rise to the development 
(38) is such that equation (51), or, in non-homogeneous coordinates, the 
equation 

(7 (20) +/{ o 2))(S)s + 1 2 8 Va33'©')+l28Va33'©'(#+2/)=0, (52) 

represents a plane, which passes through the point of intersection of the line 
joining the first and second Laplace transforms of the point y with the corre- 
sponding axis yt, and through the line which is tangent to the cubic curve in 
which the unodal cubic surface is cut by the tangent plane at y, the point of 
tangency of this line being one of the three points in which the line per inter- 
sects the said cubic curve* This last fact explains the presence, in the develop- 
ment (38), of the cube roots of the invariants 

Va23'£' 2 , VaST©'. 

We recall that the development (38) was obtained by expanding the non- 
homogeneous coordinates £, y\, £ of a point of the surface in power series in u 
and v, and then expressing £ as a power series in £ and yi by eliminating 

* Of course, if 3)=0, the point (44) coincides with the point r, and, therefore, the ts coordinate will 
be absent from equation (52) . The unit-point must then be interpreted through the use of some other 
covariant point off the tangent plane. 
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between the expansions (30) the parameters u and v. Instead of doing this, 
we might have eliminated u between the expressions for £ and v\ on the one 
hand, and £ and £ on the other, thus obtaining q and £ as power series 

in £ and v. Such expansions would properly be regarded as characteristic of 
the one-parameter family of curves (7„(v = const.). In the form thus obtained, 
however, the two power series would not have all of their coefficients invariants 
— even relative — because the arbitrariness in the choice of the parameter v 
must still be removed. How this may be done in a case like the present one, 
so as to yield expansions whose coefficients are all invariants, has been dis- 
cussed by the author in connection with a one-parameter family of curves in 
the plane.* The developments for a one-parameter family of space curves 
were announced by the writer, together with the expansion (38), at a meeting 
of the American Mathematical Society, to the report of which we refer for the 
actual forms of the series involved.! 

§ 4. The Parametric Ruled Surfaces and the Developables of the Axis 

Congruence. 

Let B (M) be the ruled surface generated by the axes yz corresponding to 
the points of a curve 6 lf u (v=const.) on the surface S y , and R m the ruled sur- 
face generated by the axes corresponding to the points of a curve C v (u= const.) 
on S y . The osculating plane to the curve C u at the point y contains in it the 
axis of the point y, and also the tangent to the curve C u . Consequently, this 
plane is tangent to the ruled surface R (u) at y, since the axis and the tangent 
to C u can not coincide. A parametric curve on the surf ape S y is an asymptotic 
curve on the corresponding ruled surface of the axis congruence. 

It may happen, however, that a parametric ruled surface, say R (u) , be 
developable. Since the generators of a curved developable are its only asymp- 
totics, it follows that the curve C u can be asymptotic on R {u) only if i? (M) be a 
plane. We examine this point more closely. If the line yz is to generate a 
developable, then the four points y, z, y u , z u must be coplanar. We have 

3 =tf„—Y9„ 

= ^y vv + (P^-b'y)y u + (yV-c'y-y u )y v + (^-d'y)y. 
If y, z, y„ , z u are coplanar, their expressions must be linearly dependent, that 
is, we must have' 

* Cf . G. M. Green, " One-parameter Families of Curves in the Plane," Transactions of the American 
Mathematical Society, Vol. XV (1914), pp. 277-290. See §2. 

^Bulletin of the American Mathematical Society, Series 2, Vol. XX (1913-14), p. 397. 
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1 



-7 



t (3) y(3)_ C 'y y u 



= 0. 



=0, 



Since by (6) a (3) = c', this reduces to 

7 (S) ~7u=0. (53) 

This is easily seen to be the condition that the curves C u be plane curves, as 
follows : The curves G u are plane if and only if the points y, y u , y uu , y mu be 
coplanar. But 

Vuu =ay V v +t>y u +cy v +dy, 

Vu«u = ay«w + ^y m +by««+ Ky u + cy m + c u y v + dy u + d u y 

= {aa. (S) + ab + a u )y„ + ()y u + (ay& + bc + c'c+c u )y v + ()y, 

in which the coefficients of y u and y do not concern us. The points y, y u , y uu , 
y uuu are thefore linearly dependent if and only if 

a c 

ac'-\-ab-\-a u ay( S) + bc-\-c'c+c u 

which, remembering that y = — c/a, we may easily reduce to (53). Conse- 
quently, if a parametric ruled surface JB (M) of the axis congruence be develop- 
able, the corresponding parametric curve C u is a plane curve and vice versa; 
the surface R m is, in fact, the plane of this curve. 

Unless the invariant (20) vanishes, the lines of the axis congruence may 
be assembled into two families of developable surfaces. We shall determine 
these developables presently, but may now state the theorem: A necessary and 
sufficient condition that a conjugate net on a surface S y consist of two families 
of plane curves, is that the developables of the axis congruence cut the surface 
8 y %n the said conjugate net. The two families of developables will then con- 
sist entirely of planes* 

Let us now fix our attention upon a point y of the surface 8 y , and the two 
curves C u and C v of the conjugate net which pass through y. Consider the 
ruled surface i2 (M) , which we suppose non-developable. Any plane through a 
generator of a skew ruled surface is tangent to that surface at some point of 
the generator ; consequently, the osculating plane to the curve C v at y, since it 
passes through the axis at y, must be tangent to R w somewhere along that 
axis. Now, any point on the axis is given by the expression 

R=z+vy, 

for a suitable value of v. If we suppose v to be a function of u, v, then, as the 

* The necessity of this condition is of course obvious. 
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point y traces the curve G u on S y , the line yz generates the ruled surface R w , 
and the point R traces a curve on i2 (M) . A point on the tangent to this curve 
at R is found by differentiating the expression for R with respect to u. We 

have 

K=^«+vy u +v n y 

= c'y vv + (P<»-b' r +v)y u + (y^-c'y-y u )y v + (^-d'y+v u )y. (54) 

We wish to determine the function v so that for the point y the osculating 
plane to C v will be tangent to the surface fi< tt) at R, and will therefore contain 
in it the point R w . Consequently, the points y, y v , y m , R u must be linearly 
dependent, which by (54) can be the case if and only if 

v=b'y— /3( 3 >. 

The osculating plane to the curve C v (u = const.) at the point y is tangent to 
the ruled surface i? (M) at the point given by the expression 

R=y v -yy-(P™-b'y)y. (55) 

Similarly, writing R'=z+v'y, we have 
R'v—^-\-v'y v +v' v y 

= (« w -y)y m +P w y u + (y w -y„+Vy v ) + (^+v' v )y, (56) 

which lies in the same plane with y, y u , and z=y m — yy v if and only if 

1 -y 



= 0, 



that is, by (6), 



v' = — ya.^— y (4 > +y*+y v = b'y—y w — -^ 

CI 



The osculating plane to the curve C„(v = const.) at the point y is tangent to 
the ruled surface -R w at the point given by the covariant 

R'=y m -yy-(y (i) +b'y+ac v )y. (57) 

In § 3 we found an expression which gives the point of intersection of the 
axis with the line joining the first and second Laplace transforms.* This ex- 
pression coincides with (55). By symmetry we infer also that (57) gives the 
point in which the axis is cut by the line joining the minus first and minus 
second Laplace transforms. It is not difficult to see geometrically why the 
point R is the intersection of the axis with the line aa x {a 1 denoting the first 
Laplace transform of a, i. e., the second Laplace transform of y) , if we observe 
that for v= const, the lines aa x generate a developable surface, which is pre- 

* See page 300. 
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cisely the developable enveloped by the osculating planes to the curves u— const, 
at the points where these curves meet the same fixed curve v =const.f 

The harmonic conjugate of the point y with respect to the points R and R' is 

*=y m -yy-\ (0 (3) +y (4) + <*>,) y, 

which is precisely the covariant (21). Consequently, the harmonic conjugate 
of the point y with respect to the two focal points of the axis congruence 
coincides with the harmonic conjugate of y with respect to the two points in 
which the axis is met by the line joining the first and second Laplace trans- 
forms and the line joining the minus first and minus second Laplace transforms. 
The above theorem would be trivial if the points R and R' were the focal 
points of the axis congruence. Let us determine when this can occur. If the 
surface 8 R , for example, be a focal sheet of the axis congruence, then the axis 
yR is tangent to the surface 8 B . In other words, since the points R u and R v lie 
in the tangent plane to the surface 8 R , we must have the four points y, R, R u , 
R v coplanar. Now, putting v=b'y—(3 iS) in (54), we find 

B.=Cy-+ (y (3) — c 'y— yu)y*+ ()*/• 

Also, 

Rv -y m — yvw— y*y — (0 (3) — Vy ) y v + ( ) y 

= (*^-y)y vv +P w y u + (y w -^+b'y-y v )y v +()y, 
R=y m -yy-(F s) -Vy)y. 

If y, R, R u , R v are to be linearly dependent, we must have 

C y (S) -c'y-y u 

a w_y pw y («)_ i 3(8) + J'y_ y> 

1 — y 



= 0, 



i. e., 



/3 (4) (r (3) -rJ=o. 



t Most of the above considerations, and some of those which are to follow, have been extended by 
the author to the case of general nets — not conjugate — on a curved surface. The axis congruence may be 
defined for such a net in exactly the same way, as consisting of the lines of intersection of the osculating 
planes to the curves of the net. The minus first and first Laplace transforms are replaced by the second 
focal sheets of the two congruences formed by the tangents to the curves O u and G v of the net. Calling 
these covariants p and a, we find that on the surface 8a the tangent to a curve w = const, intersects the 
axis yz in a point P. But for v = const, the tangents to the curves « = const, do not form a developable, 
since the parameter net can not be conjugate on 8 ff if it is not on 8 y . Nevertheless, the ruled surface 
RW is touched at a point It by the osculating plane to the curve C v at y, or, as we may say, the ruled 
surface RW is cut along a curve Or by the developable generated by the planes which osculate the curves 
O v at the points where these curves meet a fixed curve O u ■ Now, as we have just seen, there is no devel- 
opable to coincide with this which at the same time takes the place of the one formed by lines joining the 
first and second Laplace transforms in the case of a conjugate net. We may infer that the point R is the 
point of intersection of the axis with the tangent to the curve u = const, on 8a if and only if the parameter 
net on 8 V is conjugate. 
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We have already seen that if y (Z) — y u =0, the curves C u are plane. The 
equation 

^=a (4) ^+/? (4) 2/«+r (4) #i>+a (4) 2/ 

shows that if (3 W =0 the curves C v are plane. Consequently, the surface S R is 
a focal sheet of the axis congruence if and only if at least one of the families 
of the conjugate net consists of plane curves. By symmetry, the surface S RI 
will then be the other focal sheet. 

We now proceed to determine the two families of developables of the 
axis congruence. Let the point y take the position y+Sy, where, of course, 
^y~yJ> uJ ryJ> v j then the corresponding point z will move to z+hz, where 
hz=zJ>u-\-z v hv. If y is to move so that the corresponding axis yz generates a 
developable, the four points y, z, hy, hz must be coplanar. We have 

$y=yju+y v $v, 

z=y m —ry», 

hz=z u hu+z v hv 

= [c'Su+ (a w >-y)«c]y H + [ {^-b'y)hu+^hv]y u 

+ [ (y w -c'y-y u )Bu+ (y w -y v )Sv]y v +()y, 

on putting v = 0, v'=0 in (54) and (56). Let us suppose y, z, Sy, hz coplanar, 
then their expressions must be linearly dependent, and the determinant of the 
coefficients of y m , y u , y v , y therein must vanish. We thus obtain 

8u Sv 

10 — y =0, 

c'ou+(a^-y)8v (pW-b'y)$u+p&Sv (y&-c'y-y u )hu+{y^-y v )hv 

which is easily reduced to the quadratic 

o( y ( s >— y a )Su 2 — ®$u8v— a^%v 2 =0, (58) 

where the invariant © is given by (19). This may be regarded as a differen- 
tial equation defining a net of curves on the surface S y . Wilczynski has called 
these the axis curves. If a point y of the surface S y moves along an axis 
curve, the corresponding axis generates a developable surface of the axis con- 
gruence. Through a point y of S y pass two axis curves ; we call the two tan- 
gents to these curves at y the axis tangents of the point y. 

In § 2 we determined the two sheets of the focal surface, and found it 
necessary to solve the quadratic (17) . The form of this quadratic differs from 
that of (58), though the two have, of course, the same discriminant, given 
by (20). 
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If we make use of equations (6), we obtain 

a(3^=H+2b' u -b v , yM-y u =K+2c' v -y a , 
where 

H=d'+b'(?—K, K=d' + b'c'—c' v (59) 

are the Laplace-Darboux invariants of our original conjugate net. We may 
write (8a) in the form 

b v +2c' v = 2b' u +y u — ^^log a, 

so that 

y^-y u =K+2b' tt ~b v -^ log a. 

We may therefore take the differential equation of the axis curves in the form 

a(K+2b' tt — b v — g^-loga) W— %luZv— (H+2b' u — b v )Bv 2 =0. (60) 

The theorems concerning the developables of the axis congruence given at 
the beginning of this paragraph may of course be read off from (58). We 
point out one further fact, concerning the relation of the developables of the 
axis congruence to the parametric ruled surfaces R w and RW. Considering 
(58) as a quadratic in Bv/Bu, let us denote its two roots by a x and a 2 . Then 
the expression y u +a 1 y v represents a point on one of the axis tangents corre- 
sponding to the point y. Eemembering this, we may without difficulty show 
that the plane determined by the axis and either of the axis tangents is tangent 
to each of the parametric ruled surfaces R (u) and R m at the two focal points. 

§ 5. The Ray Congruence, Ray, Anti-Ray and Anti-Axis Curves. 

The quantities 

p—Pu—c'y, c=y v —b'y (61) 

are respectively the minus first and first Laplace transforms of y. They both 
lie in the tangent plane to the surface 8 y at y. The surface 8„ is the second 
focal sheet of the congruence of tangents to the curves C u on 8 V , and the sur- 
face S a the second focal sheet of the congruence of tangents to the curves C v 
on S y . Wilczynski has called the line joining the points p, a corresponding to 
a point y the ray of the point y, and the totality of rays, which constitute a 
congruence, the ray congruence. He has also pointed out a dualistic corre- 
spondence between the axis and ray congruences.* 

* E. J. Wilczynski, " The General Theory of Congruences," Transactions of the American Mathe- 
matical Society, Vol. XVI (1915), pp. 311-327. Cf., in particular, § 3. 
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In our preceding memoir, we determined the focal sheets of the ray con- 
gruence. These are given by the f ornmlas 

R=p+ ri o, S=p+r 2 a, (62) 

where r x and r 2 are the roots of the quadratic * 

Hr 2 +®r— aK=0. (63) 

We may find the developables of the ray congruence just as we d those 
of the axis congruence. We determine the curves along which y must move, 
in order that the corresponding rays may generate developables. If y moves 
to y 4- $y, the corresponding p and a move to p + Sp and a + &*, where 
8p=p u $u-\-p v $v, $o=c tt 8u-\-o v $v. We have 

Pu—yuu— c 'i/u—Ky 

= ay vv + (b—c')y„+cy v + (d—c' u )y, 
pv^yw—c'yv—c'vy 

= b'y u +(d'—c' v )y, 
<*«=c'y v +(d'—K)y, 

<yv=yw—b'y—Ky, 
so that we may write 

f>=y«—c'y, a=y v —b'y, 
$p = aSu-y vv +[(b-c')Zu+b'Zv]y u +c%u-y v +[(d-c' u )Bu+(d'-c' v )8v]y,\ (64) 
Zo = Svy w +(c'§u-b'%v)y v +[(d'-b' u )Su-b' v Sv]y. 

If in its motion the line pa is to describe a developable, the four points p, a, 
p+Sp, <t+S<t must lie in a plane, i. e., the expressions for p, cr, Sp, §<r must be 
linearly dependent. Equating to zero the determinant of the coefficients of 
Vvv> y u , y v > y m (64), and expanding, we obtain as the differential equation 
which determines the developables of the ray congruence 

aHZu 2 — %ZuZv— KW=Q, (65) 

where ® is the invariant (19), and H and K are the Laplace-Darboux invariants 
(59). The differential equation defines a net of curves, the ray curves, on the 
surface S y . The tangents at y to the two ray curves which pass through y we 
call the ray tangents of the point y. 

A net of curves closely related to the ray curves is defined by the differen- 
tial equation 

aHW+%lu%v— KBv 2 =0, (66) 

which differs from that of the ray curves only in the sign of the middle term. 

* We have changed our notation slightly, so that the quadratic, which follows equations (74) of the 
preceding paper, differs in form from the present one. 

39 
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Its roots are therefore the negatives of the roots of (65). Let R lf R^ be the 
ray tangents of the point y, and C lt (7 2 the conjugate tangents, i. e., the tangents 
at y to the curves of our conjugate parameter net. Let R' t be the harmonic 
conjugate of R x with respect to C x and C 2 , and R' 2 the harmonic conjugate of B 2 
with respect to C t and C 2 . Then R[ and R' 2 are the tangents at y to the curves 
of the net defined by (66) . This net is therefore defined geometrically in terms 
of the conjugate net and the net of ray curves. We shall call it the anti-ray 
net, and the tangents at y to the two curves of the net passing through y the 
anti-ray tangents. The anti-ray tangents are the harmonic conjugates of the 
ray tangents with respect to the conjugate tangents. 

In the same way we may define the anti-axis curves by means of the 
differential equation 

a(K+2K— b v — Ji-logaW+a&uSt;— (H+2b' tt — &„)§v 2 =0. (67) 
\ oudv J 

The anti-axis tangents are the harmonic conjugates of the axis tangents with 
respect to the conjugate tangents. 

In the preceding paper,* we found that by a transformation of the inde- 
pendent variables, 

u=<p(u, v), v = ^(u,v) 

the conjugate net is replaced by a new parameter net, which is asymptotic if 
and only if q> and ^ satisfy the same quadratic partial differential equation of 
the first order, 

We may throw this into a form analogous to (60) and (65). The differential 
equation of the asymptotic curves on the surface 8 y is 

a8u 2 +Sv 2 =0. (68) 

Let us now regard the differential equations, of the various nets of curves 
which we have defined, as binary quadratics in 8w, 8i>. The two roots of any 
one of the quadratics will give the directions of the two tangents at any point y 
to the two curves of that particular net which pass through y. The simultaneous 
invariant of the two quadratics (65) and (68) is a(H—K) ; if this is zero, the 
ray tangents separate the asymptotic tangents harmonically. Since azpO, we 
have the theorem of Wilczynski: A conjugate net has equal Laplace-Barb oux 
invariants if and only if its ray curves form a conjugate net. 

* Cf. § 7 thereof. 
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Taking the differential equation of the axis curves in the form (60), and 
calculating the simultaneous invariant of this and (68), we find that the axis 
curves form a conjugate net if and only if 

tf—K+-JL-loga=0S (69) 

auav 

In the preceding memoir,f we found a necessary and sufficient condition 
that the congruence of tangents to the curves C u form a Incongruence. This 
condition is the vanishing of an invariant which we denoted by W, but the 
negative of which we now denote by W (u) . By making use of equations (24) 
and (29) of the memoir cited, we find without difficulty that 

W^=2K-K-^lo g a. (70) 

The condition was obtained incidentally in relating the formulas of that paper 
to those of Wilczynski's general theory of congruences. We may, however, 
obtain it independently, by a procedure similar to that which we now follow in 
deriving the condition that the congruence of tangents to the family of curves 
C v form a W-congruence. This congruence of tangents has the surfaces S v 
and S a as focal sheets, and will be a TT-congruence if and only if the asymp- 
totics on these two surfaces correspond. We have 

<t=yv—b'y, <*»=c'y v +(d'—b' u )y, v =y vv —b'y v —b' v y, 
a uu =Hy u + (c"+c' u )y v + (c'd' + d' u —b' uu )y, 
*..= («^-b>)y vv +8Wy u + ( y W-2b' v )y v + (W-b' m )y, 

from which five equations we may eliminate y vv , y u , y v , y and obtain an equa- 
tion of the form 

°m — a l a vv + ^l C u + C l a v + di<*> 
where, in particular, 

This differential equation for a is of the form of the first of equations (4) ; 
consequently, the asymptotics on the surface S a are given by the differential 
equation a 1 8u*-\-8v 2 = 0. If the congruence of lines ya is to be a IF-congruence, 

* The configuration which we are studying is self-dual — concerning which remark see the paper by 
Wilczynski cited at the beginning of this section. The duaHstic correspondence between the axis and ray 
of a point y is there exhibited in detail. It is therefore to be expected that equation (69) is equivalent to 
the statement that the Laplace-Darboux invariants of the system of differential equations adjoint to sys- 
tem (4) are equal. This is in fact the case; however, by the adjoint system we do not mean the Lagrange 
adjoint, but the system of form (4) which is satisfied by the coordinates of the tangent plane to the 
surface 8 y . 

f Equations (68) . 



312 Green: One-Parameter Families of Space Curves, and 

this differentia] equation must coincide with equation (68). Therefore, a x — a, 
so that 

H— a(3^=0. 

But from (6), a8 w =H+ 2b' u —b v , and we have the result: A necessary and 
sufficient condition that the congruence of tangents to the curves C v on the sur- 
face S y be a ~W -congruence is the vanishing of the invariant 

W^=2b' u -b v . (71) 

We may therefore write the differential equation (60) of the axis curves 
in the form 

a(K+WW)8u 2 — SSuSv— (H+W^)8v 2 =0. (72) 

The method which we have just followed in obtaining the invariant W<- v) 
leads at once to the definition of two important nets on the surface 8 y . It is 
easily verified that p satisfies an equation of the form 

p uu = a-ip™ + 6-ip« + <?-ip„ + d-iP, 
where 

a_ x =a(y&- r J/K, 

so that the asymptotics on the surface S p are given by the differential equation 
a_ 1 Bu 2 + Sv 2 =0. This, however, defines the net of curves on the surface 8 y 
which corresponds to the asymptotic net on # p . The congruence of tangents 
to the curves C u on S y sets up a point-to-point correspondence between its focal 
sheets 8 y and 8 P , and the net of curves on 8 y which corresponds to the asymp- 
totic net on S p is defined by the differential equation 

a(y^-y u )Su 2 +K8v 2 =0. (73) 

Similarly, the differential equation 

mu 2 +P^8v 2 =0 (74) 

defines the net of curves on S y which corresponds to the asymptotic net on S a . 

The tangents at a point y to the curves of either of these nets are sepa- 
rated harmonically by the parametric conjugate tangents at y. They coincide 
with the asymptotic tangents only when the corresponding congruence is a 
TF-congruence. 

An interesting special case, to which we shall return later, is that in which 
the congruences of tangents to the curves C u and C v are both of them Incon- 
gruences. If, in the differential equation (72) of the axis curves, we put 
PF« = 0, Tfw = 0, we obtain for this case 

aKSu 2 — SMv— H8v 2 =0. 
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But the focal points of the ray corresponding to a point y are given by the 

formulas 

R= 9 + ri o, S= ? +r 2 o, (62) 

where r x and r % are the roots of the quadratic 

Hr»+®r— aK=0. (63) 

These points are evidently the same as those in which the two axis tangents 
meet the ray. Moreover, it is easily seen that this can happen only when both 
W w and W m vanish. Consequently, the axis tangents of a point y meet the 
corresponding ray in the focal points of the ray if and only if both of the con- 
gruences of tangents to the curves C u and C v on S y are W -congruences, i. e., 
TF<")=0, Tf<" ) =0. 

A glance at equation (65) will show that the ray tangents meet the ray in 
the focal points of the fay if and only if the conjugate net on S y has equal 
Laplace-Darboux invariants, i. e., H — K=0. This affords a new geometric 
characterization of a conjugate net with equal Laplace-Darboux invariants. 

Many interesting questions present themselves in connection with the 
various nets which we have defined in this section. Aside from the applica- 
tions to be made in a later paragraph, we refrain from further consideration 
of these matters, although an exhaustive study of the interrelations of these 
nets, and their bearing on the general theory of conjugate nets and congru- 
ences, is greatly to be desired. 

§ 6. The Associate Conjugate Net. 

We noted in the preceding section that the asymptotic curves of the sur- 
face S y are given by the differential equation 

aSu 2 +$v 2 = 0. (68) 

We shall now define a new net of curves, which will be useful later. The 

differential equation 

alu 2 — Bv 2 =0 (75) 

determines a net of curves, which for reasons which will appear presently we 
shall call the associate conjugate net. The tangents to the two curves of the 
net at y we shall call the associate conjugate tangents. From (68) and (75), 
we see that the associate conjugate tangents separate the asymptotic tangents 
harmonically. Consequently, the net defined by (75) is actually a conjugate 
net. Moreover, the form of equation (75) shows that the associate conjugate 
tangents separate harmonically the original conjugate tangents. Now, there 
is evidently one and only one pair of lines which separates harmonically each 
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of two given pairs. The associate conjugate net, which is defined by the 
differential equation 

alu*—lv\ (75) 

is uniquely characterized by the property, that the tangents to the two curves 
of the net at a point y are harmonically separated both by the pair of asymp- 
totic tangents and by the pair of original conjugate tangents. 

The relation between a conjugate net and its associate conjugate net is of 
course a reciprocal one. In fact, it may be convenient to speak of two con- 
jugate nets as associated conjugate nets, if this relation subsists between them, 
without distinguishing the nets one from the other. 

We shall now set up the completely integrable system of partial differential 
equations, of form (4), for the surface 8 y referred to the associate conjugate 
net. By the transformation 

u=<p(u, v), v=^(u,v), (76) 

where 

<g-a4>|=0, ^_ a ^=0, (77) 

the associate conjugate net is made parametric. We may choose for <£ and ^ 
functions satisfying the equations 

<*> M +V^=0, ^-V^„=0. (78) 

The derivatives of any function y(u,v) undergo the transformations 

yu=yu<pu+yA«, */„=# M <?>„+^A> (79) 

y m = y m $« + 2 Vuv <Pu ^ u + y m 4-1 + y~u <puu + y v 4™ > 

yuv = yuu<pu$v+y~uv($u^v+$v^u)+y V v4'«4'v+y„$uv+yv4>uv, - (80) 

y m = y««1>l+2yuv$v4> v +y m ,'l'l+yu$vv+yv' ) l'vv> 

where y u , y v , etc., stand for dy/du, dy/dv, etc. These formulas hold for any 
transformation of the form (76). We now impose on <£ and $ the conditions 
(78), from which we have 

$, = — Va$„ ^ M =V^„, (81) 

and on differentiation 

2Va 2Va 

$«v = — Va <p m — ^-5= $ v , 4w= Va ^„ + — *= 4> v . 
*Va 2Va 

From these we find 
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\ Va/ 2Va 



(82) 



In fact, any derivative of $, for instance, is expressible entirely in terms of 
derivatives of <|> taken with respect to v alone; the corresponding expression 
for the same derivative of ^ is then obtained by changing <p into ip and Va 
into — Va. The only derivatives of the third order which we shall need are 



,= — Va $„„„— — /_ <p m + , 

Va \4aVa 



a^ _ a vv \ , 



Va \2Va 4aVa/ 

Transformation (79) becomes, by (81), 

y u = — Vay„<p v +VayAv, y„=y«$v+y~Av, 
the inverse of which is 



y a -- 



(—y u +Vay v ), y v -- 



(y«+Voy„). 



(83) 



(84) 



(85) 



2Va4>„ 2Va4-„ 

Multiplying the last of equations (80) by a, subtracting from the first, and 
using (78) and (82), we find 

y U u— ay m =— layuvQv^v+i ( a v— ^jyu1>v+i( a v +^jyAv, ( 86 ) 

whence from (85) 

*«&,$. ■+.=— yuu+ay m +pzyu+-^j=yv ( 87 ) 

^a 2 Va 

Also, from the second of (80), 

y uv = — Vay Utt $l + Vay m ^l+y u <p uv +y v 4> uv ; (88) 

using this, and the equation found by multiplying the last of (80) by a and 
adding to the first, we obtain without difficulty 



(89) 



^ay v M=y m +2V~ay m + ay m -y u (2 Va^-» + ^L + |^)-^2a^ + |) . 

The formulas which we have thus far written hold for any function y 
whatever. We shall now suppose that y is the dependent variable in system 
(4), and shall obtain the analogous completely integrable system for y as a 
function of the variables u, v. The second of equations (4) is 
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y uv ='b'yu+c'y v +d'y, 
so that by (84) we have 

&»=*.(- Vo&' + c , )ft+*,(Va&'+c')y.+e*'y, (90) 

and consequently by substituting in the left-hand member of (88) we may 
express y uu linearly in terms of y m , y u , y v , y. We shall write the result 
presently. From the first of equations (4) we have 

«/««—« y m — b y„ + c y v + dy 

= $ v ( — Vab + c)y u +°k v {\/ab + c)y v +dy, 

which when substituted in the left-hand member of (86) gives an equation of 
the Laplace type for y. We thus find the required system of differential 
equations. 

The completely integrable system of partial differential equations 

yuu=^y m + : byu+cy v + dy, y m =b'y tt +c'y v + d'y, (91) 

} _ i? / <h _h'— JL -U^w 

C -<pl\2a Va + ^„ 



a- 




i- 1 (b'~- c ' a » *M 

<p v \ Va 2o 4),/' 

j 1 d ' A' 1 In 



-^L + 2Va&— 2c), 
Va / 



Va 

1 Ya B+ J^_2Va&-2c), d' = --—L- r d, 
8a<j> v \ '^ Va / ±a$A. 



[ (92) 



Zias as its integral surfaces the integral surfaces of system (4), but referred 
to the associate conjugate net as parameter curves. 

We may define for the associate conjugate net the axis congruence, ray 
congruence, etc. Let us call these the associate axis congruence, associate ray 
congruence, etc. The associate axis of a point y on the surface is the line 
joining the point y to the point 

z=y vv +-^y v . 

a 

We wish to express this in terms of the coefficients and variables of system (4). 
Equations (89) hold for any function y; if y satisfy (4), however, we may 
express y m linearly in terms of y m , y u , y v , y : 

iay vv ^l = 2ay m +{b + 2Vab'—2Va^ — -^= — ~^)y* 

+ (c+2Va'c>-2a^-^)y v +(d+2Va'd')y. (93) 
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We find, therefore, using this, (85), and (92), 

4:a4%i = 2ay m +(b-2c'-^)y u +(c-2ab'+^y v +()y, 

in which the coefficient of y is immaterial. The coefficient of y u is an invariant ; 
in fact, if use be made of equations (24), (29), and (38) of the previous 
memoir, we find without difficulty that 

*=i (*.-»+£), » =i (iV+±-±.), (94) 

consequently, 

2#i=y„- -©'</„+(- -2SB')y v + {)y, 
a \a I 

or 

2#i=s--6'y„-2S'y,+ ()y. (95) 

a 

This equation affords a means for interpreting geometrically the invariants 
23' and (£'; this will complete the geometric, interpretation of the set of funda- 
mental invariants of the preceding memoir. Eemembering that the points z, 
y, y u determine the osculating plane to the curve C u on S y , and the points z, y, 
y v the osculating plane to the curve C v , we may state the theorem : 

The associate axis of a point y of the surface S y lies in the osculating 
plane to the curve C u (v = const.) on S y if and only if the invariant 23' vanishes; 
it lies in the osculating plane to the curve C v (u=const.) if and only if the in- 
variant E' vanishes. 

We recall that if both 23' and ©' are identically sero, the surface S y is a 
quadric* Consequently, the axis congruence of a conjugate net on a surface 
coincides with the associate axis congruence if and only if the surface is a 
quadric. 

For the minus first and first Laplace transforms of the associate conjugate 
net we find without difficulty, using the first of formulas (85), 

8a$ v p = $a$ v (y u — c'y) 

= 4Vo(— y u + Yay v ) — (a v + ~—2Vab—2c)y 

=4Va( — p + Va<r)— (a v + -~—2Vab—2c+4:Vac'—4:ab')y, 

so that 

2Va^p = — p+Vacr + 2(Va23'— ®)y. (96) 

* Preceding paper, end of §7. 

40 
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Similarly, 

2V<W^=p+V«r+2(Va®'+(£')y. (97) 

The point of intersection of the ray per of a point y with its associate ray 

per is given by 

(pcr#pcr)=23'p— (S'cr. 

If 33' =0, this point coincides with the first Laplace transform cr, and if ©'=0 
it coincides with the minus first Laplace transform p. Combining these with 
the results just found in connection with the axis and associated axis, we may 
state that if at a point y on the surface 8 y the associate axis lies in the oscu- 
lating plane to the curve C u (or G v ) then the corresponding ray meets the 
associate ray in the first Laplace transform (or minus first Laplace transform) 
of y. 

It is also easily seen that the quadrics are the only ruled surfaces for 
which either of the above cases may arise. Moreover, the ray congruence 
coincides with the associate ray congruence if and only if the axis congruence 
coincides with the associate axis congruence, in which case the surface S y is a 
quadric. 

It is not our purpose here to give an extended discussion of the associate 
conjugate net in its relation to the original conjugate net. Analytically, a 
complete discussion would be very complicated, since we should have to express 
the invariants of the associate net in terms of those of the original net. We 
may predict the form of some of these expressions. For example, the condi- 
tion that the surface 8 V be ruled is a23' 2 +©' 2 =0 in terms of the original 
parameters, and a33' 2 + (S' 2 =0 in terms of the new ones. Consequently, there 
must be a relation of the form 

53l' 2 +e' 2 =^(a33' 2 +(5' s ), 

in which the factor % is easily found if use be made of (92) and (82). It 
should be noted that in this invariant the curves C u and C v enter symmetrically; 
if for an invariant of this kind its expression in the new variables u, v were 
essentially the same as its expression in the old variables u, v, there would be 
little interest in studying the associate conjugate net. However,, the following 
example will show that this is not the case. 

Let us calculate the invariant H—K. The vanishing thereof is a neces- 
sary and sufficient condition that the associate ray curves on S y form a conju- 
gate net. If we put 

m=a— 2c, n—2Vab— — p, 

va 
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we have from (92) 

Consequently, if we denote db'/du by b' a , we have by (85) 
so that 

i r i i 

16%= r - — — (».+»,) + —?= (*»•+».) 

Va^^L a ya 

+ im+n) {^-^a + ^-VaTj\> 
which by (82) becomes 

16&;=— J-- r_i(m M +nJ + 4=^+^) + ^ + w )f-"-9- 5 7-]l- < 98 > 
Similarly, 
165;= .- 1 , [i (m-n u ) + -L (*».-».) + (»»-») f- ^ - -"Ml (99) 

so that 

16Va>A(fl-# ) =16Va4>A(c;-%) 

2 2 2a M a, 

Substituting the values for to and n, we have 

i6 vsM^ir-r, = i (»..- 2 o - ^-(2va.+ ^ - ^ + ^) 

-^•- 2c)+ ^( 2V ^-t) 

_ 4a„ 40^. 4c tt ib ±ca u 
a of a a? ' 



But from the integrability condition (8a), we have 



b v +2c'„ = 2K-^+^-^ + ^, 
a a* a or 



so that 

4 VU.+, (H-K) =2 C ;-2&;+ ^-^, 



a 



32Q Gkeen: One-Parameter Families of Space Curves, and 

and finally _ 3 2 

2Va<pAAH~K) =c' v -b' u + ^ log a 

The right-hand member is the invariant appearing in equation (69), the 
geometric interpretation of which was given in the preceding section. Becall- 
ing also Wilczynski's theorem, that for a net with equal Laplace-Darboux in- 
variants the ray curves form a conjugate net, we may state the theorem : 

If the axis curves corresponding to a conjugate net themselves form a 
conjugate net, then the associate rag curves also form a conjugate net, and 
conversely. If the rag curves form a conjugate net, then the associate axis 
curves also form a conjugate net, and conversely. 

This theorem is sufficient to show that the consideration of the associate 
conjugate net will not lead to trivial results. Some properties of a conjugate 
net are enjoyed also by the associate net ; we have already seen an obvious 
instance of this, and in the next section shall find another which is of greater 
interest, and not at all self-evident. Other properties, however, are not common 
to the two nets, even when the two component families of each net are concerned 
in a symmetric way. It would therefore seem desirable to determine all the 
properties which hold for both of two associated conjugate nets. "We shall 
not pursue this study any further, although in the next section we shall make 
an important application of the associate conjugate net. The subject undoubt- 
edly deserves closer investigation ; in fact, it would appear that all properties 
of a conjugate net might well be described in connection with its associate con- 
jugate net. For instance, the two families of developables of a congruence 
touch the two focal sheets in a conjugate net on either ; if the associate conju- 
gate nets on the two sheets also correspond, the congruence is a TF-congruence. 
The equations of the present paragraph constitute an analytic starting-point 
for the theory, whose more systematic development we must leave for a future 
occasion. 

§ 7. Isothermally Conjugate Nets. 
We shall in the present section apply some of the concepts introduced in 
previous sections to the study of isothermally conjugate nets. If in the second 
fundamental form of a surface, viz., DBu 2 + 2D'Zulv + D" 8t> 2 , the coefficient 
D' = 0, the parametric net is conjugate, and Bianchi calls it isothermally con- 
jugate if in addition D—B", or can be made so by a transformation u — U(u), 
v = V(v). This is equivalent to demanding that by such a transformation the 
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coefficient a in the first of equations (4) be reducible to unity. A necessary 
and sufficient condition for this is without difficulty seen to be 

■JL-loga=0. (101) 

ouov v ' 

The conjugate nets on the integral surfaces of system (4) are isothermally 
conjugate if and only if 

3 2 



dudv 



log a = 0. 



Isothermally conjugate nets have received increased attention of late. 
However, until quite recently their only characterization was analytic, until 
Wilczynski* gave a geometric interpretation of the condition (101). His inter- 
pretation consists in the determination of an algebraic relation between three 
absolute projective invariants which have themselves been previously character- 
ized geometrically. We shall presently give a new geometric interpretation of 
condition (101) consisting entirely of descriptive geometric properties. 

That the left-hand member of (101) is actually a projective invariant of 
the conjugate net may be seen from equations (70) and (71), from which 
we have 

Tpw_Tpw= g|l_ log a . (102) 

This leads at once to the theorem of Demoulin and Tzitzeica : If the tangents 
to the curves C„ and the tangents to the curves C v on S y both form W-con- 
gruences, the conjugate net C u , C v is isothermally conjugate. In § 5 we gave 
a geometric characterization of a conjugate net having this property; we found 
that for such a net the axis tangents at any point of the surface meet the corre- 
sponding ray in the focal points of the ray. 

We found also in § 5 that the axis curves form a conjugate net if and only if 

H-K+^L loga=0. (69) 

ouov 

Moreover, if H — K=0, the ray curves form a conjugate net. Consequently, 
*/ the axis curves and ray curves both form conjugate nets, the parametric 
conjugate net is isothermally conjugate. An isothermally conjugate net has 
equal Laplace- Darboux invariants if and only if its axis curves form a con- 
jugate net. 

* "The General Theory of Congruences," Transactions of the American Mathematical Society, 
Vol. XVI (July, 1915), pp. 311-327. 
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A consideration of the differential equations of the axis curves and ray 
curves shows that the only isothermally conjugate nets for which the axis curves 
coincide with the ray curves are those having equal Laplace-Barb oux invariants 
in addition to being subject to the condition of Demoulin and Tzitzeica: the 
tangents to the curves C u , and hence also the tangents to the curves C v , form 
a ~W -congruence. 

In § 4 we found that a conjugate net for which both families of curves are 
plane is completely characterized by the fact that the axis curves coincide with 
the conjugate net. Since we have 

a(3^=H+2b' u -b v , 7 ,m- Yu =K+2K~-b-- 3 ? 3i loga } 

and since /3 (4) = and y< 8 >— y u = are respectively the conditions that the curves 
C v and the curves C u be plane, a conjugate net consisting of two families of 
plane curves is isothermally conjugate if and only if it has equal Laplace- 
Darboux invariants. 

Surfaces on which one of both families of lines of curvature are plane 
have been extensively studied ; it would seem well worth while to consider also 
conjugate nets, either general or of some particular kind, for which one or both 
families are plane. We are not aware of any systematic treatment of the 
subject, however, in spite of its apparent promise. 

Let us return now to the general isothermally conjugate net. In order to 
give a geometric characterization thereof, we shall use the differential equations 
of the axis curves, of the anti-ray curves, and of the associate conjugate net. 
These are, respectively, 

a(K+2K-b v --J^- loga)%u 2 -®8u8v-(H-\-2K-b v )$v 2 =0, (60) 
\ ouov I 

aEhu i +%huhv—Khv i =Q, (66) 

aSu 2 — 8v 2 =0. (75) 

We recall that the anti-ray tangents are the harmonic conjugates of the ray 
tangents with respect to the parametric conjugate tangents. Let us regard 
the above three equations as binary quadratics. The Jacobian of the two 
binary quadratics 

Ooxf + 2 a x x x x 2 + a 2 x\ = , b xl + 2 b x x x x 2 + b % x\ — , 

is 

(a b 1 —a l b )x 2 + (a b 2 —a 2 b )x 1 x 2 + (a 1 b 2 —a 2 b 1 )xl = 0, 

and its roots give the pair which separates harmonically each of the pairs 
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defined by the two quadratics. The Jacobian of the two quadratics (60) and 

(75) is 

a®&w 2 + 2a(H— K+ J^- log a)$u8v+®W=0, (103) 

\ ouov ) 

and defines the pair of lines which separates harmonically both the pair of axis 
tangents and the pair of associate conjugate tangents. The Jacobian of the 
two quadratics (66) and (75) is 

a$)8u 2 +2a(H— K)Mv+®$v 2 =0, (104) 

and defines the pair of lines which separates harmonically both the pair of 
anti-ray tangents and the pair of associate conjugate tangents. 

The two Jacobians (103) and (104) coincide if and only if 3 2 log a/dudv—0, 
i. e., the parametric conjugate net is isothermally conjugate. This means that 
the double points of the involution determined by the pair of axis tangents and 
the pair of associate conjugate tangents coincide in this case with the double 
points of the involution determined by the pair of anti-ray tangents and the 
pair of associate conjugate tangents. In other words, the three pairs defined 
by the quadratics (60), (66), and (75) belong to the same involution. We 
have then the theorem : 

A necessary and sufficient condition that a conjugate net on a surface be 
isothermally conjugate is that for each point of the surface the pair of axis 
tangents, the pair of anti-ray tangents, and the pair of associate conjugate 
tangents form pairs of the same involution. 

In the geometric characterization just given, the axis tangents may be re- 
placed by the anti-axis tangents (defined by equation (67)), and the anti-ray 
tangents at the same time by the ray tangents. 

We shall now investigate the nature of the original conjugate net, if its 
associate conjugate net be isothermally conjugate. We have by (92) a=4 i l/<pl , 
and we must calculate the expression 8 2 log a/dudv in terms of the coefficients 
and variables of system (4). This may be done most expeditiously as follows : 

dWv log d = 2 mv log ^~ 2 mv log ♦• 
= 2 J^ log ^)- 2 4(4 log ^) 
= 4[^(-| l0g ^+^^ l0g ^)] 

- 2 M^^(l; log ^ + ^l; log ^]' 
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where we have made use of the formula of differentiation (85). We thus 
obtain 

duBv l0Sa - dvlVa-^ [ ^ v + -^—/J duiVa-^ { <p v + ~ ^~)] 

__ 9r 1 a v "I 3r 1_ a, -I 

3^LVo^, ■ ' 2 V^ J 3*LVui, ' 2V5 J 

= "4s* [^ v Wv lo §' a ] "4ai [£3; lo * a ] 
i a 2 

log a. (105) 



2Va<£>„ , 4'«> 3m3^ 

In the final reduction, -use has again been made of (85) and (82). 

Equation (105) leads to the important result: If either of two associated 
conjugate nets is isothermally conjugate, the other is also. Isothermal conju- 
gacy is therefore one of the properties of a conjugate net which is also a 
property of the associate conjugate net. It is in a sense independent of the 
nature of the surface, since there exist an infinite number of isothermally 
conjugate nets on any curved surface. We have here, then, a property which 
is common to both of two associated conjugate nets, or subsists for neither. 
We have not succeeded in finding any others,* so that it may be interesting 
to determine just how many of these properties there are. We shall leave 
this question open for the present. 

In the course of this and the preceding memoir, we have studied a single 
conjugate net, with its related configurations, but have not touched upon the 
larger questions concerning conjugate nets in general on a surface, nor the 
properties of conjugate nets which are preserved under certain transforma- 
tions. We hope soon to give a general theory of the transformation of conju- 
gate nets from a purely projective point of view. 

Harvard University, August 11, 1915. 

* We mean, of course, properties which do not depend entirely on the nature of the surface; for 
instance, if a surface is ruled for one conjugate net thereon, it is ruled for every other net. 



